Mass spectrum of 0 ++ glueballs is produced using a dual supergravity theory we proposed for pure N = 1 SU (N ) gauge theory in four dimensions in the large N limit in the IR. The glueball states are expressed in terms of Whittaker functions. The spectrum is discrete and a function whose roots give the masses is written. The ratios of the masses are independent of the parameters of the theory and comparison to recent non-supersymmetric large N lattice QCD data available for the lowest three states shows agreement to within five percent.
Introduction
One important development in theoretical physics in recent years has been the finding of examples of dual gauge and gravity theories following [1, 2, 3] in which a gauge theory in strongly coupled nonperturbative region has a weakly coupled perturbative description in a gravity theory. The gauge/gravity duality provides the possibility for constructing a calculable theory of the strong interactions at low energies. Understanding the nonperturbative low-energy physics of quantum chromodynamics (QCD) is crucial, for instance, to formulating a quantitative description of the mass spectra of bound states of quarks and gluons.
We proposed in [4, 5] a gravity dual to pure N = 1 SU (N ) gauge theory in four dimensions in the large N limit in the IR which reproduces the renormalization group flow and the pattern of chiral symmetry breaking of the gauge theory and produces linear confinement of quarks within relativistic quantum theory of ten-dimensional superstrings for the first time.
In this note we study fluctuations of the dilaton on the gravity background to calculate mass spectrum of J P C = 0 ++ glueballs, spin-0 bound states of gluons which are even under parity and charge conjugation. The masses are given by is a combination of the parameters of the theory and λ n are the roots of the function
where Mλ (λ) are Whittaker functions of the first kind.
The spectrum is discrete. The ratios of the masses are independent of the parameters and serve as predictions for 0 ++ glueball masses in N = 1 SU (N ) gauge theory in the large N limit. Comparison of the ratios to recent large N non-supersymmetric lattice QCD data available for the lowest three states shows agreement to within five percent.
Supergravity background
In this section we briefly summarize features of the supergravity background in [4, 5] . The starting point of the construction is the supergravity background of unwrapped and flat N D7-branes on C 1 /Z 2 with running axion and dilaton fields and the eight-dimensional N = 1 SU (N ) gauge theory that lives on the branes. The background geometry of the eight-dimensional gauge theory is noncompact with a conic singularity. The D7-branes are then wrapped over a 4-cycle on
gauge theory in four dimensions. The wrapped D7-branes turn on all F 1 , F 3 , H 3 , and generalizations of the equations in [7, 8] . The solutions to the supersymmetry equations with the Bianchi identities imposed on them then automatically solve the bosonic supergravity equations of motion.
The extra six-dimensional space of the ten-dimensional spacetime is parameterized by one radial coordinate r with range r s ≤ r ≤ r s e 2π 3gsN and five angles ψ, ϕ 1 , ϕ 2 , ϕ 3 , and ϕ 4 , each having the range between 0 and 2π; r and ψ are coordinates on
the remaining angles are coordinates on T 2 /Z 2 × T 2 /Z 2 . We call r = r s the IR boundary and r = r s e 2π 3gsN the UV boundary; g s N is the 't Hooft coupling at the UV boundary. The N D7-branes are wrapped over
where
and dx uppercase indices M, N, · · · to denote the coordinates of the ten-dimensional spacetime. A superscript of 0 is put to denote background metric and fluxes excluding fluctuations.
The dilaton and the background fluxes are
The background metric and fluxes above solve all the bosonic supergravity equations
), (2.6)
The radial coordinate r is mapped to the scale Λ of the gauge theory as Λ/Λ s ∼ r/r s , where Λ s is the nonperturbative scale at which the gauge coupling formally diverges. ρ in the background of the eight-dimensional gauge theory. The background geometry of the four-dimensional gauge theory is compact and conformally Calabi-Yau. The 't Hooft coupling of the four-dimensional gauge theory is given by
, which is large in the IR and equals g s N = e Φ 0 N at the UV boundary. The curvature is smallest in the IR region where the gauge theory is strongly coupled and a dual gravity description is useful.
The internal space normal to the wrapped D7-branes at the IR boundary is S 1 whose radius is set by the nonperturbative scale of the gauge theory independent of the 't Hooft coupling and spacetime is four-dimensional at the UV boundary. The potential energy of a quarkantiquark pair located at the UV boundary increases linearly with their spatial separation in four dimensions. Because the dilaton couples to trF 2 , the 0 ++ glueball masses can be computed by studying linear fluctuations of the dilaton [9, 10] . To write appropriate equation of motion, we start 
where linear order fluctuations in the fluxes and the metric need to satisfy − To find the mass measured by a four-dimensional observer, we make a plane wave expansion of the form δΦ(x, ρ) = φ(ρ) e ik.x and the glueball mass m is given by m 2 = −k 2 . Using the metric given by (2.1) in (3.1),
and 0 ≤ y ≤ 1. But (3.2) can be written as a Whittaker equation
The general solution to (3.2) can then be written as
where Mλ (λy 2 ) are respectively Whittaker functions of the first kind and the second kind and C and D are constants.
Now we need to impose appropriate boundary conditions at y = 0 and y = 1. We demand that physically acceptable modes of fluctuation be smooth at both boundaries, which requires
Neumann boundary condition at both ends, φ (0) = φ (1) = 0.
First, the boundary conditions accommodate a massless mode with constant profile, which can also be read off directly from (3.2), φ 0 (y) = c, where c is a constant. Because the classical U (1) R-symmetry of the gauge theory is anomalous and reduced to a discrete Z 2N symmetry in the quantum theory, its breaking to Z 2 by gaugino condensation does not lead to a massless Goldstone boson. Therefore, we avoid this mode by setting c = 0, since it is constant and nondynamical. To find the massive modes, first we impose φ (1) = 0 and (3.6) reduces to
We then impose φ (0) = 0 to obtain discrete values of λ n as roots of the function f (λ)
given by (1.2), and the corresponding modes φ n (y) are obtained using λ n for λ in (3.7). The The first few modes φ n (y) plotted using the expression given by (3.7) with the roots λ n obtained from (1.2) for λ.
first few numerical values of λ n are given in Table 1 : The first few roots of f (λ). The glueball masses are given by (1.1).
λ n ≈ 4.3 + 4(n − 1), n = 1, 2, · · · . One way to obtain (1.2) is to make a series expansion of (3.7) in y, set the coefficient of the linear term to zero, and use the recursion relation
that is valid for non-integer 2µ, which is the case here. The first few modes, normalized as 1 0 dy φ n (y) 2 = 1, are plotted in Figure 1 using (3.7) with the numerical values for λ n obtained from the roots of f (λ).
The glueball wavefunctions are nonzero and have largest magnitudes, and increasingly so for larger n, at the location of a four-dimensional observer at the UV boundary. On the other hand, modes of fluctuations in the angular directions near the UV boundary, where the radius of the transverse internal space gets smaller and spacetime becomes four-dimensional, are much heavier. for potentials V n (y) with depths which increase with increasing λ n . Plots of the first few V n (y) are shown in Figure 2 .
Comparison to lattice QCD data
The ratios of the masses are independent of the parameters of the theory,
, and serve as predictions. A lattice computation for the lowest three 0 ++ glueball masses in non-supersymmetric SU (∞) QCD is given in [11] , with the states denoted by A . This allows us to compare two independent mass ratios as shown in Table 2 .
Both ratios agree to within five percent. Table 2 : Comparison of mass ratios between our supergravity theory and the nonsupersymmetric SU (∞) lattice QCD data in [11] .
Supergravity Lattice
The supergravity background that we argued in [4, 5] to correspond to pure N = 1 SU (N ) gauge theory in four dimensions in the large N limit in the IR produces mass spectrum of 0 ++ glueballs that is qualitatively consistent with expectations from the gauge theory side and quantitatively in striking agreement with available data from non-supersymmetric large N lattice QCD.
Because the background geometry is compact, the discreteness of the spectrum follows with appropriate boundary conditions imposed at the IR and the UV boundaries ) which can be chosen appropriately to produce absolute magnitudes of the masses. Comparison of the mass ratios to recent non-supersymmetric large N lattice QCD data available in [11] for the first three masses shows agreement of the two independent ratios to within five percent. The supergravity expressions for the masses and wavefunctions in this note include the higher mode 0 ++ glueballs and additional lattice data would be quite interesting for further comparison.
It would also be interesting to study metric and flux fluctuations on the background and calculate the spectrum of other J P C glueballs and to investigate their relations to the 0 ++ glueballs and see if they fall on Regge trajectories.
We would like to re-emphasize that the supergravity background presented in [4, 5] and briefly summarized in Section 2 has a number of remarkable features. It reproduces the renormalization group flow and the pattern of chiral symmetry breaking of the gauge theory.
It produces linear confinement of quarks in four dimensions within relativistic quantum theory of ten-dimensional superstrings. The background is compact and the curvature is smallest in the IR where the gauge theory is strongly coupled and a dual gravity description is useful. The radius of the transverse internal space at the IR boundary is set by the nonperturbative scale of the gauge theory and is independent of the 't Hooft coupling.
Smaller 't Hooft coupling at the UV boundary corresponds to smaller curvature of the background. The background preserves supersymmetry and is stable.
The linear confinement of quarks the background produces together with the agreement of the ratios of the 0 ++ glueball masses obtained in this note with available non-supersymmetric large N lattice QCD data means to us that N = 1 SU (N ) gauge theory has similar mass spectra as in QCD and the supergravity theory can be used for exploring additional nonperturbative phenomena in QCD.
